Abstract. About a year ago Angus Macintyre raised the following question. Let A and B be complete local noetherian rings with maximal ideals m and n such that A/m n is isomorphic to B/n n for every n. Does it follow that A and B are isomorphic? We show that the answer is yes if the residue field is algebraic over its prime field. The proof uses a strong approximation theorem of Pfister and Popescu, or rather a variant of it, which we obtain by a method due to Denef and Lipshitz. Examples by Gabber show that the answer is no in general.
Introduction
Throughout, d, e, m, n, µ, ν range over N = {0, 1, 2, . . . } and rings are assumed to be commutative with 1. Given a local ring A with maximal ideal m we put A n := A/m n . Unless specified otherwise, isomorphisms are ring isomorphisms. Given rings A, B, we let Iso(A, B) be the set of isomorphisms A → B.
Recall, for example from [3] , that a complete local noetherian ring is isomorphic to k[[x 1 , . . . , If A is regular with a subfield, then we have a positive answer because A and B have the same Hilbert function; see [3] . Cutkosky mentioned to me that [1] yields a positive answer when A and B are reduced, equicharacteristic, equidimensional formal germs of isolated singularities. The main result of the present paper is a positive answer when the residue field is algebraic: Theorem 1.1. Suppose that A n ∼ = B n for all n, and the residue field A/m is algebraic over its prime field. Then A ∼ = B.
After a talk I gave on this result (Paris, January 2007), Ofer Gabber came up with examples where Macintyre's question has a negative answer. These examples are presented at the end of the paper, with thanks to Gabber.
We begin with a simple fact that gives the theorem for finite residue fields. Assume that A n ∼ = B n for all n. Each isomorphism A n+1 → B n+1 induces an isomorphism A n → B n , so we have for each n a natural map Iso(A n+1 , B n+1 ) → Iso(A n , B n ), giving an inverse system Iso(A n , B n ) n of nonempty sets. We now observe:
Fact. The question has a positive answer if and only if the inverse limit of this system of sets is nonempty.
For example, if the residue field A 1 is finite, then all A n are finite, hence all sets Iso(A n , B n ) are finite and nonempty, and so their inverse limit is nonempty. Thus the question has a positive answer if A has finite residue field.
If we assume a common coefficient field for A and B and allow only isomorphisms that are the identity on this coefficient field, the question also has a positive answer: this is shown in section 2 to be a consequence of a known strong approximation property for power series rings over fields. For the original question this gives a positive answer when the residue field is a number field as we show in section 3, but it doesn't suffice when the residue field is algebraic of infinite degree over its prime field. To handle that, we need a variant of strong approximation where we allow an automorphism of the coefficient field as an extra unknown in the equations figuring in the approximation property. In section 4 we obtain this variant as in DenefLipshitz [2] , and then use this to prove the theorem above in the equicharacteristic case, that is, the case where A has a subfield. In sections 5 and 6 we deal with the mixed characteristic case using Witt vectors and the Teichmüller map.
In proving the theorem we try to lift an isomorphism A m → B m to an isomorphism A → B. The next lemma shows that it is enough to do this for m = 2 and to lift to a local morphism rather than an isomorphism. (A local morphism from a local ring R into a local ring R is a ring morphism R → R that maps the maximal ideal of R into the maximal ideal of R .) Lemma 1.2. Let A be a complete local noetherian ring and φ a local endomorphism of A inducing the identity on A 2 . Then φ is an automorphism.
Proof. We have φ = 1 − θ, where 1 is the identity map on A and θ : A → A is additive. The assumption on φ yields that θ(A) ⊆ m 2 , where m is the maximal ideal of A. We claim that θ(m n ) ⊆ m n+1 for all n 1. To see this, let n 1 and a 1 , . . . , a n ∈ m; then
. This proves the claim. It follows that θ n (A) ⊆ m n+1 for all n 1, and so we have a two-sided inverse 1
We also need the following uniqueness of lifting residue fields: 
Since R is henselian we have a unique a ∈ R such that g(a) = 0 and π(a) = α, and thus ι 0 has a unique extension to a ring morphism ι α :
Further notational conventions. Let R be a ring and I a proper ideal of R. For r = (r 1 , . . . , r n ) ∈ R n and s = (s 1 , . . . , s n ) ∈ R n we write r ≡ s mod I to indicate that r i ≡ s i mod I for i = 1, . . . , n. Recall that the ideal I n of R is generated by the products a 1 · · · a n with a 1 , . . . , a n ∈ I. To avoid confusion with this ideal we indicate the cartesian product
Given r = (r 1 , . . . , r n ) ∈ R n and i = (i 1 , . . . , i n ) ∈ N n we also use the multinomial notation r i := r
n ∈ R, and put |i| :
Strong approximation and lifting morphisms
Let R be a complete local noetherian ring with maximal ideal m. We say that R has the strong approximation property if for all K, M, N ∈ N and 
A result by Pfister and Popescu [4] We are going to use this strong approximation property to deduce a lifting property of morphisms between complete local noetherian rings with a given coefficient field. In the rest of this section k is a field and A and B are complete local noetherian k-algebras, with maximal ideals m and n, respectively, such that the natural maps k → A → A/m and k → B → B/n of k into the residue fields are surjective. We consider A n := A/m n and B n := B/n n as k-algebras in the usual way, and all morphisms A → B and A n → B n are assumed to be k-algebra morphisms and thus local morphisms. 
Here we use "morphism" in this section to mean a "k-algebra morphism", not just a "local morphism". Conversely, let any Proof. Take n > 2 as in the proposition for m = 2, such that n works not only for the pair A, B but also for the pair B, A. Suppose φ n : A n → B n is an isomorphism, and let φ 2 : A 2 → B 2 be the induced isomorphism. By the proposition we can lift φ 2 to a morphism φ : A → B, and we can lift the inverse of φ 2 to a morphism ψ : B → A. Then ψ • φ is an endomorphism of A inducing the identity on A 2 , so is an automorphism of A by Lemma 1.2. Likewise, φ • ψ is an automorphism of B. Thus φ is an isomorphism.
Krupinski pointed out to me that for A = k[[x, y]]/(y
2 ) (with distinct indeterminates x and y), each A n with n 3 has an automorphism that cannot be lifted to an endomorphism of A n+1 . In particular, the corollary above cannot be improved to say that there is an integer n > 0 such that any isomorphism A n → B n lifts to an isomorphism A → B.
The case where the residue field is a number field
We now return to the setting of the introduction, so A and B are complete local noetherian rings with maximal ideals m and n. We shall now use Corollary 2.2 to obtain the following special case of the main theorem, Theorem 1.1. Proof. We already have this in the positive residue characteristic case, where the assumption on the residue field means that the residue field is finite. For the rest of the proof we can therefore assume that A and B contain Q as a subfield. The assumption on automorphisms gives us an isomorphism i : A/m → B/n that can be lifted for every n > 0 to an isomorphism A n → B n . Identify k = A/m with B/n via i. Let π A : A → k and π B : B → k be the canonical maps. With k ⊇ Q and k 0 = Q, Lemma 1.3 yields unique ring morphisms ι A : k → A and ι B : k → B such that π A • ι A = id k and π B • ι B = id k . Construe A and B as k-algebras via ι A and ι B ; as quotients of A and B this makes A n and B n into k-algebras. Let n > 0 and take a ring isomorphism φ n : A n → B n that induces the identity on k = A/m = B/n. We claim that φ n is a k-algebra isomorphism. To see this, let π A,n : A → A n and π B,n : B → B n be the canonical maps. The claim amounts to the equality
This equality follows by Lemma 1.3 applied to R = B n by noting that both maps composed on the left with the natural map B n → k = B/n are equal to id k .
It now follows from Corollary 2.2 that A and B are isomorphic as k-algebras; in particular, they are isomorphic as rings.
This yields Theorem 1.1 for the case that A/m is isomorphic to a number field, or to
or to the field of real algebraic numbers. In the next section we show how to handle the case that A contains a field and A/m is any algebraic extension of its prime field, for example an algebraic closure of its prime field.
Strong approximation with automorphisms
Here we prove Theorem 1.1 in the equicharacteristic case. For this we shall use a version of strong approximation that allows automorphisms. The approach of [2] can easily be adapted to give this version. For the convenience of the reader we give the details, modulo the Artin-type approximation theorem for W-systems (Weierstrass systems) from [2] . (A W-system over a field k is a family (R n ), each R n a k-subalgebra of k[[X 1 , . . . , X n ]], such that certain axioms are satisfied, the main one being closure under Weierstrass division; here
so m := (y 1 , . . . , y e )R is the maximal ideal of R. We let i, α, and β range over N e , N M , and N N , respectively, and for
with coefficients c iαβ ∈ k for all i, α, β, and with σ ∈ Aut(k) we put
So Aut(k) acts by automorphisms on the ring
We now assume k is algebraic over a given subfield k 0 of k, and put G := {σ ∈ Aut(k) : σ is the identity on k 0 }.
In particular, G(c) := {σ(c) : σ ∈ G} is finite for each c ∈ k. We can now state a strong approximation property with automorphisms from G. Its proof follows closely that of Theorem 7.1 in [2] .
Then there is a natural number ν > µ with the following property:
Proof. Take a nonprincipal ultrafilter D on N and put
has k as a subfield. We let j range over N, and for a sequence (a j ) in R we put
which extends in the usual way to a map
Also, when an internal automorphism σ * of k * is given by a sequence (σ j ) in G as above, we define σ
where z 1j , . . . , z Mj ∈ m, u 1j , . . . , u Nj ∈ R for all j. 
It is clear that π is the identity on the common subring R of R
n for all n, and thus
N , and let σ * be an internal automorphism of k * , and put σ := σ * |k, so σ ∈ G. Then
This is routine to check for f ∈ k[y, Z, U ] and then follows easily for general f .
Suppose there is no ν > µ as claimed by the proposition. Take for each ν > µ a counterexample to obtain tuples z
N , and an internal automorphism σ * of k * such that 
Put σ := σ * |k, so σ ∈ G. Applying π to the congruences above gives
Fix distinct indeterminates X 1 , X 2 , X 3 , . . . , and for X = (X 1 , . . . , X n ), put
D is a finitely generated k-subalgebra of k * }.
Then k * X 1 , . . . , X n n is a W-system over k * by Lemma 7.2 in [2] . Let k * y be the image of k * X 1 , . . . , X e under the k * -algebra isomorphism
where
, for all i, and where
hence h ki (c) = 0 for all i. Take 
. . , K, and πz =z, πu =ũ,
This contradicts the properties of z * and u * stated earlier in the proof.
In the rest of this section A and B are complete local noetherian rings with maximal ideals m and n, as before, and "morphism" will mean "ring morphism". n " means that the equality signs of the system are to be read as "is congruent modulo (y) n to". Now Proposition 4.1 yields the desired result.
In the equicharacteristic case we now remove from Corollary 3.1 the assumption that A/m has only finitely many automorphisms. The proof is the same, except that it uses Proposition 4.2 in place of Proposition 2.1. 
Lifting morphisms over complete discrete valuation rings
In section 2 we considered A and B as algebras over a common coefficient field, but here we allow more general coefficient rings, as defined in [3] .
In this section V is a complete DVR, and A and B are complete local noetherian V -algebras, with maximal ideals m and n, respectively, such that the natural maps V → A → A/m and V → B → B/n of V into the residue fields are surjective. We consider A n := A/m n and B n := B/n n as V -algebras in the usual way, so all V -algebra morphisms A → B and A n → B n are in particular local morphisms. It is shown in [4] and [2] , c 1 , c 2 , . . . ) with components c n ∈ k; see [5] . So V is a complete DVR with a canonical morphism
Thus π V has a kernel pV , the maximal ideal of V . Each σ ∈ Aut(k) lifts uniquely to an automorphism of the ring V , denoted also by σ, in the sense that for all a ∈ V we have π V (σa) = σ(π V (a)); it is given by 
with coefficients c iαβ ∈ V for all i, α, β, and with σ ∈ Aut(k) we put
Assume k is algebraic over a given subfield k 0 of k, and put
Then we have strong approximation with automorphisms from G:
Proof. Take 
As in the proof of Proposition 4.1, any sequence (σ j ) in G yields an internal automorphism σ * of k * with σ * |k ∈ G. The sequence (σ j ) also gives an automorphism of V * , denoted by σ * as well and defined by σ
commutes. Note that if k is algebraic over its prime field, then σ ∈ Aut(k). Conversely, by [5] , Chapitre II, §4: 
